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Parabolic Kazhdan-Lusztig , (r1) Coxeter $W$
K-L , Parabolic $W_{I}$ $W/W_{I}$
, (r3) (r2)
, , $A$
, $P^{I}$ (r.3) ,
2 Coxeter ,
(r7) (r4) (r6) , generalized Verma
$Q^{I}$
Coxeter $P^{I},$ $Q^{I}$ , (r9)
, ,
(r5) $B_{\mathrm{r}\iota}$. (Dynkin ) , (r2)
$Q^{I}$
,
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(r8) , $U_{q}(.\mathrm{s}\mathrm{l}_{k})$ $n$ $V^{\otimes n}$ canonical ,dual
canonical $V$ $\mathrm{e}_{i}(1\leq i\leq k)$ $\mathrm{e}_{i_{1}}\otimes \mathrm{e}_{i_{2}}\otimes\cdots\otimes \mathrm{e}_{i_{n}}$






[Hu] [Xi] ) ,
, (
)
$\mathit{1}4=\mathrm{Z}[\mathrm{t}’, v^{-1}]$ , $H(W)$ , Coxeter $(W_{)}S)$
$A$
, $A$ , $\{\tilde{T}_{w}\}_{w\in W}$ ,
$s\in S$ , $(\tilde{\tau}_{S^{-v}})(\tilde{\tau}_{S}+v^{-1})$ $=$ $0$ ,
$P(x)+P(y)=\ell(Xy)$ , $\tilde{T}_{x}\tilde{T}_{y}$ $=$ $\tilde{T}_{xy}$
( , $\ell(x)$ Coxeter $W$ $x$
$S$ )
, $\tilde{T}_{\overline{6}}$. , $\tilde{\tau}_{s}^{-1}=\overline{T}_{s}-(v-v^{-1})$ , $T_{ss}=v\tilde{T},$ $q=v2$
$\mathrm{i}\mathrm{n}\mathrm{v}\mathrm{o}\mathrm{l}\mathrm{u}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}^{-}}$ $\overline{v}$ ; $v^{-1},\overline{T}=\tilde{T}-_{x-x1}-1$ $A_{-}=$
$\mathrm{Z}[v^{-1}]$ $H(W)$ $\{C_{x}’\}x\in W$ , $x\in W$
–
$C_{x}’ \in\tilde{T}_{x}+\sum v^{-1}A_{-}\overline{T}_{y}$ $\overline{C_{x}’}=C_{x}’$
$y\in W$
, $C_{x}’$. $= \sum_{y\leq x}v^{l()-_{\mathrm{O})}}’ Px(yP_{y:}v^{\mathit{2}})\overline{\tau}_{y}$ , $P_{y,x}(q)\in \mathrm{Z}[q]$
Kazhdan-Lusztig ($\mathrm{W}$ $y\leq x$ , Bruhat
order )
, $P_{x_{:}}$ $(q)=1$ , $y<x$ , $P_{y}$ , $(q)$ $q$ $d$
, $(\ell(y)-\ell(X))+2d<0$ , $d< \frac{\ell(x)-\ell(y)}{2}$ , $d \leq\frac{\ell(x)-\ell(y)-1}{2}$




Coxeter $(W, S)$ , $S$ $I$ $W_{I}$
Coxeter ,
, $H_{I}$ $T_{s}(s\in I)$ ,











$x\in V^{I}$ $s\in S$ 3
$a)s^{l}x>x,$ $.sx\in V^{I}$ ( , $(s,$ $x)\in A$ )
$b)SX>x,$ $sx\not\in V^{I}$ ( , $(s,$ $x)\in B$ )
$c)SX<X$ ( , $(s,$ $x)\in C$ $\text{ }$ )
, $S\cross V^{I}=A+B+C$ ( )
Kazhdan-Lusztig Parabolic Kazhdan-Lusztig
, $W_{I}$
(2 Parabolic K-L [De]
$u=-1$ )
$y_{)}x\in V^{I}$ $P_{y_{:}x}^{I}(q)$ $:=P_{yw_{I}}.xw_{I}(q)$
, $w_{I}$ , $W_{I}$
, ( ) $\{Q_{y,V^{I}}^{I}x(q)\}_{y}:x\in$ ,
$.\text{ }$ $y,$ $x\in V^{I}$
$\sum_{z\in V^{I}}(-1)l(x)-\ell(z)PI(y_{:^{z}}q)Q_{z}^{I},x(q)=\delta_{y.x}$
, $y<x$ $P_{y_{:}x}^{I}.(q)$ $Q_{y_{:}x}^{I}.(q)$ , $m= \frac{\ell(x)-\ell(y)-1}{2}$
, ,m , $\mu^{I}(y, x)$
( , $P_{y_{:}}^{I}$ $(q)$ $P_{y.\text{ }^{}I}$ , $Q_{y.x}^{I}(q)$ $Q_{y_{:}x}^{I}$ )
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( $P^{I}$ $Q^{I}$ )
, , $s$ $y,$ $x$
, $p_{a_{:}c}$ , $sy>y,$ $sy\in V^{I}$
$SX<X$ , $\sum$ ,
$Z\in V^{I}$ ($y\leq z\leq sx$ )
$P^{I}$ $y_{)}x\in V^{I},$ $s\in S$
$p_{a.c}$ : $P_{y_{:}}^{I}=PIP+qI.-sx \sum xy_{:^{s}}xsy,\mu((Sz:)\not\in_{A}4Iz, Sx)q\frac{\ell(sx)-\ell(z)+1}{2}P_{y,z}I$
$p_{b.c}$ : $P_{y.x}^{I}=(1+q)P_{y_{:^{s}}}^{I}- \sum_{)}x.\mu^{I}(_{S}:z\not\in A(\mathcal{Z}, Sx)q\frac{\ell(_{S}x)-\ell(z)+1}{2}P^{I}y:z$
$p_{c_{:}C}$ : $P_{y_{:}x}^{I}=qP_{y_{:}x}I \overline{s}I+P_{sy_{:^{S}}x}-(sz.\sum_{):\not\in A}\mu^{I}(z, sx)q\frac{\ell(sx)-\ell(z)+1}{2}P_{y_{:^{z}}}I$
$p_{a.b}$ : $P_{y_{:}x}^{I}=P^{I}sy:x$
$Q^{I}$ $y_{j}x\in V^{I},$ $s\in S$
$q_{a_{:}c}$ : $Q_{y.x}^{I}=Q_{y_{:}}^{I}s.x$
$q_{b.c}$ : $Q_{y_{:}}^{I}x=-qQIy_{:^{S}}x+s_{:} \sum_{(z)\in A}\mu(I)y)zq\frac{\ell(z)-p(v)+1}{2}.Q\dot{1}|z,SxI$
$q_{c_{:}c}$ : $Q_{y_{:}x}^{I}=-qQ^{I}y_{:}sx+Q^{I}Sy:^{S}x+S \sum_{(\cdot:z)\in A4}\mu^{I}(y))Zq‘\frac{\ell(z)-\ell(y)+1}{2}Q_{Z}^{I}Sx$:
$q_{a.b}$ : $Q_{y.?j}^{I}=0$
1) [Ir] , 3 $P^{I},$ $Q^{I}$
2) $I=\emptyset$ , case b) $P^{I}$ $p_{a.c}$ $p_{C.C}$
, original Kazhdan-Lusztig
,
$P_{x.x}^{I}=1,$ $Q_{x}^{I}.x$. $=1$ , $y\not\leq x$ $P_{y.x}^{I}=0,$ $Q_{yx}I=0$: ? ,






, $A_{n-1}$ Coxeter $n$
$W=S_{r\iota}$ $W_{I}$ coset $V^{I}=W/W_{I}$
, $W_{I}$ , $S_{r\iota}$.
$s_{i}.=(i., i+1)$ $S=\{s_{i}.,|i=1,2, \ldots, n-1\}$ $.\mathrm{s}_{k}$’
$I=S-\{sk\}$ $A_{k-1}\cross A_{n}-k-1$ Coxeter $(W_{I}\simeq s_{k^{\cross}}s_{r}\iota-k)$
,
2 $\alpha,$ $\beta$ $n$ , $\alpha$ $k$ , $\beta$ $n-k$
$V_{k.n-k}$
, $V^{I}=W/W_{I}$ 1 1 $V_{k_{:}n-k}$
1 , $\alpha$ , 1, 2, ..., $k$ , $\beta$
, $k+1,$ $k+2,$ $..,$ $n$ , 1, 2, ..., $n$
, $W_{I}\backslash W$ , $V^{I}$ $x\in V^{I}$
$\alpha-\beta$ $t(x)\in V_{k_{:}r\iota-k}$
) $x=\in S_{6}/(S_{4}\cross s\mathit{2})$ , $t(x)=\alpha\beta\alpha\beta\alpha\alpha$
,
$s_{i}$ , $t(x)=t1t2\cdots t\in nV_{k:}\gamma\iota-k$ , $k$
a) $(S_{i)}X)\in A\Leftrightarrow t_{i}=\alpha,$ $t_{i}+1=\beta$
b) $(s_{i}, x)\in B\Leftrightarrow t_{i}=\alpha,$ $ti+1=\alpha$ , $t_{i}=\beta,$ $t_{i+1}=\beta$
c) $(_{S_{i}}, X)\in C=t_{i}=\beta,$ $t_{i+}1=\alpha$
, Bruhat order ,
$\alpha$ \\beta / path path Bruhat order
( , $\alpha$ $\beta$ – )
) $t(x)=\beta\alpha\beta\beta\alpha\alpha\alpha,$ $t(y)=\alpha\alpha\beta\alpha\beta\alpha\beta$ ,
$y\leq x$
$V^{I}$
$e$ , $t(e)=\alpha^{k}\beta^{n-k}$ , $v_{I}$ , $t(v_{I})=$
$\beta^{rl-k}\alpha^{k}$ , $V^{I}$ $x$ , 2
lattice path , $t(x)$ $t(e)$ $v$









K-L $P^{I},Q^{I}$ , ( ) ,
$x’,x,x”$ $\alpha-\beta$ ,
( $x’$ $y’$ )
(normalization)
$(N_{1})$
$P.\prime x\beta y’\alpha\alpha x\beta y^{ll};’=.P_{x’\beta,y’\beta\alpha y’’}.\alpha x^{l}l$ $Qx’\beta y’\alpha\beta y’\alpha x’,l=Qx\alpha\beta y’\alpha\beta y\prime x^{ll};$
’
$(N_{\mathit{2}})$











( $x’$ . $y’$ path $x”$ $y”$ path )
(X) $P_{xx,yy’’}.’,\cdot\prime\prime=P_{x’,y’}.\cross P_{x’,y’’}$, $Qx’y’yx”,,$ $=Q_{x’,y’}\cross Q_{x’’,y’}$,
(recurrence) $c$ $x’\alpha\beta_{X’}$’ $y’\alpha\beta y’’$ ,
$(R)$
$P_{\mathcal{I}’,y’\alpha\beta y’}\alpha\beta x’,’=q^{c_{P_{x’}}}x^{\prime\prime+.\prime},,P_{x}y’yy’\beta\alpha y’\alpha\beta x’,$
’
$Q_{x’,y’\alpha\beta}\alpha\beta x’’.qQ=l’,\prime y\prime\prime yy\hat{_{-}}x,x$,
,
(I) $P_{x,x}=1$ $Qx$.$=1x$
(0) $Pxy=0$ if $y\not\leq x$ $Qxy=0$ if $y\not\leq x$
, $(R)$ $c$ path
$\alpha\beta$ , $y\leq x\in V^{I}$ , path







, $(S)$ $\beta$ $P^{I}\ovalbox{\tt\small REJECT}$ ,
$P_{x=P_{\beta\beta\alpha\beta\alpha}}\alpha\alpha\alpha\beta\alpha\alpha\beta\alpha\beta\beta\beta$
, $\alpha\alpha a\beta$ $(N_{2})$ ,
, 1 $(R)$
$=P_{\beta\beta\alpha\beta\alpha\beta\alpha}\alpha$
$\alpha\alpha\alpha VV^{-}V\beta\beta\alpha\beta\beta--r-$ $\text{ }$ ,
2 , (X)
$P_{\beta\beta\alpha\beta\alpha}\alpha \text{ }.P\beta\beta\beta\alpha\alpha\beta$




, $(_{\infty}$” $(N_{1}))(N_{\mathit{2}}),$ $(N_{3})$ ’ $\mathrm{a}\text{ }$
$=(q+1)(qP\beta\beta\alpha\alpha+P_{\beta}\beta\alpha.\beta\alpha\alpha)\mathit{2}\alpha\alpha\beta\beta\alpha\alpha\beta\alpha\beta\beta$ , $(R)$ (I) ,
$=(q+1)(q^{\mathit{2}}+q+1)$
– $Q^{I}$ , $(N_{\mathit{2}})$ ,
$Qx=Q_{\beta\beta\alpha\beta\alpha}\alpha\beta\alpha=0y\alpha\beta\beta\beta$
, , $P^{I},$ $Q^{I}$
, ( $P^{I}$ [La-SC], $Q^{I}l$ [Na]
)
, 1 $q+1$ , 2 $q^{\mathit{2}}+q+1$





, ( $0$ )
, . ,
, $D$ $wt(D)$ ,
$q$
$1+q+q+q^{\mathit{2}},+q^{\mathit{2}}+q^{3}$
$P^{I}$ , 1 , – 2
1 , 1
( , 1 1 )
(Lascoux-Schiitzenberger)





) , $(N_{2})$ $(y)x)$ ,
$y$
$\alpha\beta$ , $x$ $\alpha\beta$
$(N_{1}),$ $(N_{\mathit{2}}))(N_{3}.)$ ,
$Q^{I}$ , , $(N_{2}),$ $(N_{3}.),$ $(R)$ $P^{I}$
, , $(N_{\mathit{2}}),$ $(N_{3})$
, $Q^{I}=0$ , $Q^{I}$
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$Q^{l}$ , $y$ path ) $\mathrm{b}$
, , $a_{1}$ $a_{\mathit{2}}$
$\alpha\beta$ 1 $b_{1}$ $\mathrm{O}$ ,
$a_{1}=a_{\mathit{2}}$ $a_{3}$. , $d_{1}$ $\alpha\beta$
2 , $d_{1}$ $\mathrm{O}$ $\alpha\beta$ , $c_{1}=c_{\mathit{2}}$
$\alpha\beta$ , $\beta\alpha$ , $(N_{1})$ , $\alpha\beta$
, 1 1
, $c_{1}=c_{\mathit{2}}$ $\mathrm{O}$ 1 , $a_{1}=a_{\mathit{2}}=a_{3}$. $a_{4}$
, $f_{1}$ $\alpha\beta$ 1 , $e_{1}=e_{\mathit{2}}$
$\alpha\beta$ 1 , $f,$ $e$ $\mathrm{O}$ 1 $\alpha\beta$
, 1 , $(N_{1})$
$0$ , $a$ $\mathrm{O}$ $0$
$D’$ , $\mathrm{O}$
$(R)$ $q$ , $wt’(D’)$
$Q^{I}$ , $q^{\mu f}t’(D’)$ $Qxy=q^{6}$
$Q_{I,y}=\{$
$q^{UJ}\tau’(D’)$ $\mathrm{E}D’\hslash^{\grave{\grave{\rangle}}}(\text{ }\mathrm{F}h6^{\underline{\mathrm{J}}}’\doteqdot$
$\mathrm{E}$ $D’il\grave{\grave{>}}(\not\subset\hslash 7^{\mathrm{L}}f\ovalbox{\tt\small REJECT}\backslash -\nu\not\equiv$ (ffi $0\ovalbox{\tt\small REJECT} L\oplus_{\backslash }\mathrm{C}\mathrm{p}T$ ,
$0$





(3) $0$ , 1
, $(y)x)$ ,
$x$ $y$ path ,
( $Q^{I}$ (X) )
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,
$Q^{I}$ , $A$ Specht
Kazhdan-Lusztig , $Q^{I}$
[Na]
[Bo] $\mathrm{B}.\mathrm{D}$ .Boe, Kazhdan-Lusztig polynomials for Hermitian symmetric spaces,
Trans. Amer. Math. Soc. 309 $(1988))279-294$ .
$[(^{\mathrm{Y}}\mathrm{a}-\mathrm{C}\mathrm{o}]$ L.Casian and $\mathrm{D}.\mathrm{H}.\mathrm{C}_{0}11\mathrm{i}\mathrm{n}_{\xi_{2}}0\mathrm{w}\mathrm{o}\mathrm{o}\mathrm{d}$ , The Kazhdan-Lusztig conjecture for gen-
eralized Verma modules, Math. Z. 195 $(1987),581-600$ .
[De] $\mathrm{V}.\mathrm{V}$.Deodhar $0^{\cdot}$ On some $geomet_{\dot{\mathcal{H}}C}$ aspects of Bruhat orderings II. The
parabolic analogue of Kazhdan-Lusztig polynomials, J. Algebra 111
$(1987),48.3^{-}506$ .
.
[Do] $\mathrm{J}.\mathrm{M}$ .Douglass, An inversion $f_{\mathit{0}\gamma\eta?u}\iota_{a}$ for relative Kazhdan-Lusztig polynomi-.
als., Comm. Algebra 18 $(1990))-.387371$ .
[Fr-Kh-Ki] $\mathrm{I}.\mathrm{B}$ .Frenkel $\mathrm{M}.\mathrm{G}$ .Khovanov and $\mathrm{A}.\mathrm{A}$.Kirillov, Kazhdan-Lusztig polyno-
mials and canonical basis, bansform. Groups 3 $(1998),.321-336$ .
[Hu] $\mathrm{J}.\mathrm{E}$ .Humphreys, Reflection groups and Coxeter groups, Cambridge Stud.
Adv. Math., vol. 29, Cambridge UP, 1990.
[Ir] $\mathrm{R}.\mathrm{S}$ .Irving, A filtered category $\mathcal{O}_{S}$ and applications, Mem. Amer. Math. Soc.
419,1990.
[Ka-Lu] D.Kazhdan and G.Lusztig, Representations of Coxeter groups and Hecke
algebras , Invent. Math.53 $(1979))165-184$ .
[Ka-Ta] M.Kashiwara and T.Tanisaki. Parabolic Kazhdan-Lusztig polynomials and
Schubert varieties, math. $\mathrm{R}\mathrm{T}/990815.3$
[La-Sc] A.Lascoux and $\mathrm{M}.\mathrm{P}$.Sch\"utzenberger, Polyn\^omes de Kazhdan et Lusztig
pour les grassmanniennes, Ast\’erisque 87-88 (1981), 249-266.
[Na] H.Naruse, On a relation between Specht module and left cell module of Hecke
algebra of type $A_{n-1}$ , in preparation.
[Xi] Nanhua Xi. Representations of Affine Hecke Algebras, Lecture Notes in Math.
1587 Springer(1994).
135
